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Using general saling arguments ombined with mean-eld theory we investigate the ritial (T ≃
Tc) and o-ritial (T 6= Tc) behavior of the Casimir fores in uid lms of thikness L governed by
dispersion fores and exposed to long-ranged substrate potentials whih are taken to be equal on
both sides of the lm. We study the resulting eetive fore ating on the onning substrates as a
funtion of T and of the hemial potential µ. We nd that the total fore is attrative both below
and above Tc. If, however, the diret substrate-substrate ontribution is subtrated, the fore is
repulsive everywhere exept near the bulk ritial point (Tc, µc), where ritial density utuations
arise, or exept at low temperatures and (L/a)(β∆µ) = O(1), with ∆µ = µ − µc < 0 and a the
harateristi distane between the moleules of the uid, i.e., in the apillary ondensation regime.
While near the ritial point the maximal amplitude of the attrative fore if of order of L−d in the
apillary ondensation regime the fore is muh stronger with maximal amplitude deaying as L−1.
In the latter regime we observe that the long-ranged tails of the uid-uid and the substrate-
uid interations further inrease that amplitude in omparison with systems with short-range
interations only. Although in the ritial region the system under onsideration asymptotially
belongs to the Ising universality lass with short-ranged fores, we nd deviations from the standard
nite-size saling for ξ ln(ξ/ξ±0 ) ≫ L even for ξ, L ≫ ξ
±
0 , where ξ(t = (T − Tc)/Tc → ±0,∆µ =
0) = ξ±0 |t|
−ν
, is the bulk orrelation length. In this regime the dominant nite-size ontributions
to the free energy and to the fore stem from the long-ranged algebraially deaying tails of the
interations; they are not exponentially small in L, as it is the ase there in systems governed by
purely short-ranged interations, but exhibit a power law deay in L. Essential deviations from the
standard nite-size saling behavior are observed also within the nite-size ritial region L/ξ = O(1)




, with ν and β as the standard bulk
ritial exponents and with s = O(1) as the dimensionless parameter that haraterizes the relative
strength of the long-ranged tail of the substrate-uid over the uid-uid interation. We present the
modied nite-size saling pertinent for suh a ase and analyze in detail the nite-size behavior in
this region. The standard nite-size saling behavior is reovered only for L≫ Lcrit.
PACS numbers: 64.60.-i, 64.60.Fr, 75.40.-s
I. INTRODUCTION
A. General properties
Sine its rst predition in 1948 by Hendrik Casimir
[1℄, the eet named after him has raised signiant the-
oretial and experimental interest and has been found
to our in numerous manifestations (see, e.g., Refs.
[2, 3, 4, 5, 6, 7, 8, 9℄). Originally, Casimir onsid-
ered vauum utuations of the eletromagneti eld be-
tween two parallel metal plates whih restrit and mod-
ify the utuation spetrum leading to a dependene
of the energy on the distane L between the plates.
This so-alled lassial (atually quantum mehanial)
Casimir eet, whih for deades had been onsidered
as a theoretial uriosity, in reent years has turned
into a subjet of intensive researh, not at least trig-
gered by possible appliations in miromehanial de-
vies, and has been already veried with an impressive
experimental auray [10, 11, 12℄. Another manifesta-
tion of the Casimir eet, whih has a signiant impat
towards a dierent sienti diretion (see, e.g., Refs.
[6, 7, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26℄),
is the so-alled statistial-mehanial (thermodynami)
Casimir eet. In a uid lose to a ontinuous phase
transition at a ritial point Tc large utuations of the
order parameter our. If, as before, the uid is onned
by parallel plates at a distane L, and is in ontat with a
partile reservoir with a hemial potential µ, the grand
anonial potential Ωex(T, µ, L) of the uid in exess to
its bulk value ALωbulk(T, µ) depends on L so that one
an dene the eetive fore f between the plates per
ross setional area A and per kBT as
f(T, µ, L) = −β ∂ ωex(T, µ, L)
∂L
, (1.1)
2where β = 1/(kBT ), ωex(T, µ, L) = ω(T, µ, L) −
Lωbulk(T, µ) = Ωex(T, µ, L)/A is the exess grand anon-
ial potential per ross setional area A, Ω(T, µ, L) =
Aω(T, µ, L) is the total grand anonial potential, and
ωbulk(T, µ) is the density of the bulk grand anonial
potential. Besides temperature, hemial potential, and
lm thikness the fore also depends on whih boundary
onditions the surfaes impose on the system. The or-
der near the surfaes an be either redued or  whih is
the generi ase for liquids onned by solid substrates 
inreased due to eetive surfae elds generated by the
onnement. The latter ase is known as (+,+) bound-
ary onditions (for a more preise denition see below).
For this ase the shemati phase diagram of a uid lm
with thikness L is shown in Fig. 1.
FIG. 1: The shemati phase diagram of a d-dimensional slab
with (+,+) boundary onditions for various thiknesses L and
surfaes whih prefer the liquid phase. The bent gas-liquid
oexistene urves orrespond to apillary ondensation tran-
sitions for L = L1 and L = L2 with L1 < L2 (ompare, .f.,
Fig. 11(b)). Away from the ritial region the shift in the
phase boundary relative to the bulk oexistene line ∆µ = 0
is proportional to L−1, while within the ritial region it is
proportional to L−∆/ν where ∆ and ν are the standard bulk
ritial exponents. The lines of rst-order phase transition
end at (d − 1)-dimensional ritial points Tc(Li) with oor-
dinates (Tc,Li ,∆µc,Li), i = 1, 2, the positions of whih vary
with L and depend on the presene and on the strengths of
the uid-uid and the substrate-uid interations. For large
L these points are loated lose to the bulk ritial point





. Sine the utuations in systems of redued
size are stronger, one typially has Tc,Li < Tc; the fat that
∆µc,Li < 0 expresses the preferenes of the idential walls.
One should keep in mind that the fore f(T, µ, L) is a
denition dependent quantity in the sense that it depends
on how one denes the thikness of the lm. A natural
hoie would be to take the distane between the planes
dened by the positions of the nulei of the top layer of
eah substrate. However, there are ertainly other possi-
ble denitions, whih will dier by a mirosopi length.
This implies that a quantitative omparison between ex-
perimental data and theory is only possible if the data
are aompanied by a preise denition of what L is. Up
to now seemingly there is no awareness of this issue yet.
Close to the ritial point, the ritial Casimir inter-
ations are proportional to kBTc and therefore the inter-
ation between the plates an beome rather strong in a
system with high Tc suh as, e.g., in lassial binary liquid
mixtures. However, in suh systems the diret dispersion
fores between the uid partiles and between the uid
partiles and the substrate partiles play also an impor-
tant role. The ontributions of the dispersion fores to
the total eetive fore an be distinguished from that of
the ritial Casimir fores by their temperature depen-
dene, beause the leading temperature dependene of
the former does not exhibit a singularity. For this rea-
son both in theoretial analyses and in interpretations of
experimental data the ontributions due to the disper-
sion fores are usually treated separately and, also for
the ritial region, are simply added as a regular bak-
ground ontribution to the total fore (see, e.g., Refs.
[16, 17, 21℄).
B. Saling with dispersion fores
The present investigation aims at studying in detail
the atual interplay between the dispersion and the rit-
ial (utuation indued) fores in simple uids bounded
by strongly adsorbing idential walls. In desribing uid
systems near ritiality one often resorts to the Ising
model as a representative of the orresponding universal-
ity lass, for whih only nearest neighbor interations are
onsidered. Instead, here we onsider long-ranged pair
interations between the uid partiles deaying asymp-
totially ∼ J l r−6 for distanes r between eah other
and long-ranged substrate potentials ∼ J l,s z−3 ating
on uid partiles at a distane z from the at surfae of
a semi-innite substrate. (Here we do not embark into
the extended mirosopi desription of onned binary
uid mixtures, whih are expeted to belong to the same
universality lass as the one-omponent uids onsidered
here expliitly.) Suh systems also belong to the Ising
universality lass haraterized by short-ranged fores
[27℄. This implies that the orresponding ritial expo-
nents and leading nite-size dependenes are expeted to
be the same as for systems with short-ranged fores. The
long-ranged part of the interations leads to a regular
ontribution to the fore, as onsidered and expeted be-
fore, and in addition, as shown reently [20, 28, 29, 30℄, to
a serious modiation of the nite-size behavior of its sin-
gular ontribution. Indeed, in the ase of d-dimensional
systems, in whih the interation deays asymptotially
with the distane ∼ r−d−σ (with σ > 2), the eetive
total fore f(T, µ, L) between the plates an be ast (see
Eq. (1.1)) into the form [20, 24, 31, 32℄
f(T, µ, L) ≃ (1.2)





+β(σ − 1)HA(T, µ)L−σξσ−d0 .
3FIG. 2: (a) Temperature dependene at ∆µ = 0 of the total Casimir fore normalized by its value at the bulk ritial point in a
system with L = 500 layers for dierent strengths λ and s of the long-ranged part of the uid-uid and uid-substrate potentials,
respetively; L and ξt are measured in units of the lattie onstant of the lattie model. The total fore depends signiantly
on the strengths of both potentials. Nonetheless it turns out that the ritial part of the fore exhibits universality and saling
behavior. For small L, however, important nonuniversal ontributions due to the long-ranged parts of the aforementioned
interations emerge whih annot be negleted. Independent of the values of s and λ the fore extremum always ours at
positive t = (T − Tc)/Tc, i.e., above the bulk ritial temperature. This is due to the stabilizing eet of both the boundary
onditions and of the long-ranged tails of the interations on the order of the system so that the strongest utuations are
expeted to our slightly above Tc and on the vapor side of the bulk oexistene urve. Sine the Casimir fore is generated
by these utuations one expets and indeed observes that the fore is strongest for suh thermodynami parameters. (b) Same
as in (a) for the eld dependene ∆µ at T = Tc. The fore extremum always ours at negative values of ∆µ, i.e., on the gas
side of the bulk oexistene urve.
Here X is dimensionless, universal saling funtion, ξt is
the bulk orrelation length ξ(t→ ±0,∆µ = 0) = ξ±0 |t|−ν
at bulk oexistene µ = µc and for t = (T−Tc)/Tc → ±0,
while ξµ(t = 0,∆µ → 0) = ξ0,µ|βc∆µ|−ν/∆ is the bulk
orrelation length at the ritial temperature T = Tc
with βc = (kBTc)
−1
. For T > Tc and ∆µ = 0 one has
ξ0 = ξ
+
0 , while for T < Tc and ∆µ = 0 one has ξ0 = ξ
−
0
with the ratio ξ+0 /ξ
−
0 being universal. ξ0,µ is the same
for ∆µ → +0 and ∆µ → −0. The seond term in Eq.
(1.2) stems from the free energy ontributionHAL
−(σ−1)
,
where HA(T, µ) = At(T, µ) +Al(T, µ) +Al,s(T ) with so-
alled Hamaker onstants At, Al, and Al,s (see below for
more details). In addition, ω is the standard Wegner's
orretion-to-saling exponent for short-ranged systems,
while ωl = σ − (2 − η) and ωs = σ − (d + 2 − η)/2
are the orretion to saling exponents due to the long-
ranged tails of the uid-uid and substrate-uid intera-
tions, respetively. Further L-dependent ontributions to
the fore suh as next-to-leading order ontributions to
the Hamaker terms or higher order orretions to saling
are negleted beause they are smaller than those ap-
tured in Eq. (1.2). Here we onsider a d-dimensional
system haraterized by an interation given as the sum
of a short-ranged and a long-ranged omponent with the
latter deaying aording to a power law r−d−σ, with
2 < σ < 4. We intend to vary the ratio λ of the strengths
of the long-ranged and the short-ranged ontributions.
By varying λ we an quantitatively probe the importane
of the long-ranged tails. One might envisage potential
experiments in olloidal systems whih allow for a ded-
iated tailoring of the form of the eetive interations
between olloidal partiles. We reall that, independent
of λ, for 2 < σ ≤ 4 the system still belongs to the orre-
sponding short-ranged universality lass, i.e., the ritial
exponents do not depend on σ. Suh long-ranged in-
terations are alled subleading long-ranged interations
[28, 29℄. In Eq. (1.2) η is the standard ritial exponent
haraterizing the deay of the bulk two-point orrelation
funtion at the ritial temperature, gω is the (dimen-
sionless) saling eld assoiated with the Wegner-type
orretions, while l and s are dimensionless nonuniversal
oupling onstants: l is proportional to the strength J l of
the long-ranged tail in the uid-uid interation whereas
s is proportional to the ontrast between the substrate
potential and the uid-uid interation integrated over
a half-spae (see below). For the genuine non-retarded
van der Waals interation, whih governs nonpolar uids,
one has d = σ = 3 and thus ωs > 0, ωl > 0. We will fur-
ther suppose that the positivity of ωs and ωl is fullled
for all values of d and σ onsidered in the following. A-
ordingly, for L large enough, one an expand the saling
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+β(σ − 1)HA(T, µ)L−σξσ−d0 . (1.3)
If Eq. (1.3) is valid the saling funtion Xsr, whih
originates from the short-ranged interations and de-
sribes the well studied (short-ranged) ritial behav-
4ior, provides the leading behavior of the fore near the
bulk ritial point (L/ξt = 0, L/ξµ = 0). Here the no-
tion near the ritial point means L/ξt = O(1) and
L/ξµ = O(1), whih denes the ritial region of the -
nite system. There Xsrω , X
lr
l , and X
lr
s represent only or-
retions to the leading L dependene. In partiular, the
value Xsr(0) = (d− 1)∆a,b is related to the Casimir am-
plitude ∆a,b, whih depends only on the bulk universality
lass and the boundary onditions a, b at the two onn-
ing surfaes, i.e., the surfae universality lasses. There
is onsiderable knowledge about the Casimir amplitudes,
suh as their exat values in d = 2 [33, 34, 35℄ and in
d = 3 for the spherial model [15℄, ε-expansion results for
d = 3 [14, 25℄, and mean eld values [16℄. In the following
we shall onsider only the ase of (+,+) boundary ondi-
tions orresponding to strong equal surfae elds ating
at both surfaes, i.e., the ase of strong adsorption of
the uid on the boundaries of the bounding substrate.
While the saling funtion Xsr deays exponentially for
L/ξ ≫ 1, in this regime the other saling funtions X lrl
and X lrs in Eq. (1.3) deay aording to a power law. For
this reason these funtions, whih formally stem from
orretions to saling due to the subleading long-ranged
tail in the uid-uid interation and in the substrate po-
tential, respetively, lead to leading nite-size ontribu-
tions in the singular behavior of the fore in the regime
L/ξ ≫ 1. In the ase of periodi boundary ondition  in
whih only the funtions X lrl and X
sr
ω are present  the
above statement has been veried for the spherial model
(whih, for periodi boundary onditions, represents the
limit n→∞ of the O(n) models). We note that although
the saling funtion Xsrω haraterizes the short-ranged
universality lass, the saling eld gω inorporates, in
general, also ontributions due to the long-ranged tails
of the interation. We refer the interested reader to Ref.
[24℄ where expliit results about the above mentioned
mixing of the orretions due to the long-ranged fores
and the Wegner-type orretions have been reported. In
the following we are only interested in the leading L-
dependene of the fore. Therefore we shall not disuss
in further detail those ontributions whih are due to the
orretions to saling ruled by the Wegner exponent ω
[36℄; they produe orretions [37, 38℄ both near the rit-
ial point, where they are of the order of L−ω, as well as
away, where they deay exponentially.
C. Relevane-irrelevane riterion
We briey omment on the onditions whih justify an
expansion of the type presented in Eq. (1.3). The re-
quirements 2 − η − σ < 0 and (d + 2 − η)/2 − σ < 0
are obvious and, as already mentioned, normally they
are satised in any realisti system for whih d = σ = 3
and η ≪ 1 (e.g., for the 3d Ising model η ≃ 0.034 [36℄).
One important additional ondition arises (see Ref. [39℄),
however, from the fat that we onsider not semi-innite
systems but systems whih are nite in one dimension
and thus exposed to power law long-ranged substrate-
uid potentials from both sides. Aordingly these po-
tentials at everywhere in the nite system; at the enter
of the lm their sum is minimal but not zero. The eet
of this value of the total external potential in the enter
an be interpreted as if the system has a nonzero ee-
tive bulk exess hemial potential ∆µeff despite the fat
that the atual bulk system might be at bulk oexistene
urve ∆µ = 0. Taking into aount the ontributions
from both surfaes in terms of the notations already in-
trodued one has ∆µeff = 2s [L/(2ξ0)]
−σ
. Sine the ex-
ess hemial potential sales as ∆µL∆/ν one nds that
in a lm the nite-size ontributions due to the long-
ranged substrate-uid potentials will be negligible in the
ritial region if
2|s| [L/(2ξ0)]−σ [L/ξ0]∆/ν ≪ 1, (1.4)
i.e.,
2σ+1|s| [L/ξ0]∆/ν−σ ≪ 1. (1.5)
The sign of s is hosen suh that s > 0 (< 0) orre-
sponds to attrative (repulsive) walls, i.e., walls prefer-
ring the liquid (gas) phase of the uid. A more detailed
disussion of that point will be given below where we
identify s within the framework of a mean-eld model.
Due to standard relations between ritial exponents
one has ∆/ν = (d + 2 − η)/2, so that relation (1.5) is
onsistent with Eq. (1.3). On the other hand due to
∆/ν − σ = d − σ − β/ν and with d = σ for realisti
systems the ondition (1.5) turns into
2σ+1|s| [L/ξ0]−β/ν ≪ 1. (1.6)
With ξ0 typially of the order of 3 Å, β ≃ 0.329, ν ≃
0.631 (3d Ising model), and for σ = 3 one nds
L≫ Lcrit ≡ ξ0
(
2σ+1|s|)ν/β ≃ 612 |s|1.918 Å. (1.7)
Equation (1.7) represents a relevane-irrelevane rite-
rion for van der Waals type substrate potentials in a
lm of thikness L: if L ≫ Lcrit the leading behavior
of the fore within the ritial region will be that for a
system with short-ranged interations, while for thinner
lms L ≤ Lcrit the eets due to the van der Waals sub-
strate potentials are expeted to be relevant. Sine s is
typially not very small (see below), Lcrit turns out to
be surprisingly large. As disussed later for a variety of




He lms near their bulk liquid-gas ritial point
and onned by Au substrate s an be as large as 4 [39℄.
Thus for most uid systems, for whih measurements
of the Casimir fore has been performed, L was muh
smaller than Lcrit. We stress, however, that until now
no Casimir fore measurements for systems with (+,+)
boundary onditions near liquid-gas ritial points have
been reported. Therefore we are unable to onfront our
preditions expliitly with available experimental data.
5Finally, we note that if for a partiular hoie of the
uid and of the surrounding substrate s happens to be
small, also Lcrit, as given by Eq. (1.7), will be small.
Keeping in mind that in Ising-like three-dimensional sys-
tems (with d = σ = 3 and η ≃ 0.034) the orretion-to-
saling exponents ω ≃ 0.81 [36℄, ωl ≃ 1.03 and ωs ≃ 0.52
are numerially not very dierent from eah other, the de-
termination of Lcrit should in priniple in this ase take
into aount also the values of the saling elds gω and
l in addition to that one of s, i.e., Eq. (1.7) should be
modied. However, in suh a ase an expansion of the
type given in Eq. (1.3) will be valid for any reasonably
large L with the ontributions due to the Wegner type
orretions as well as due to the long-ranged part of the
interation ompeting with eah other and representing
orretions to the leading behavior of the fore whih is
given by the saling funtion Xsr.
D. Total Casimir fore
Figure 2 presents the typial behavior of the total (in-
luding the ontributions from the regular part of the free
energy but negleting the diret substrate-substrate in-
teration) Casimir fore as a funtion of the temperature
or the exess hemial potential, respetively. The fore
is normalized by its value at the bulk ritial point. The
preise meaning of the parameters s and λ, as well as the
denition of the model within whih the urves have been
alulated will be given below. Larger values of λ and s
orrespond to stronger long-ranged tails of the uid-uid
and substrate-uid interations, respetively. The ase
(λ = 0, s = 0) orresponds to truly short-ranged inter-
ations. We expet these urves to resemble potential
experimental data for the fore ourring in non-polar
uid lms bounded by substrates whih strongly prefer
the liquid phase of the uid. (Experimentally the ontri-
bution of the diret substrate-substrate interation an
be separated o by a ontrol experiment with the uid
replaed by vauum; therefore in the following we do not
onsider this diret ontribution.) Despite of the spread
of the urves for dierent values of s and λ it will turn
out that a desription in terms of saling funtions is pos-
sible if the data are suitably analyzed, provided that for
a given value of s the lm thikness L is suiently large
(see Eq. (1.7)).
It is our aim to determine the leading L-dependene of
the Casimir fore as a funtion of the temperature, the
hemial potential, and of the parameters s and λ, and to
larify the relevane of these parameters for its behavior
in a uid lm bounded by strongly adsorbing, idential
walls. To this end and in view of the large parameter
spae, starting from a ontinuum density funtional we
desribe the system in terms of a lattie gas model whih
is expeted to apture the essential features of atual
uids as far as the ritial behavior is onerned. For
L≫ Lcrit the terms entering into Eq. (1.3) are the most
important ones [36, 37, 38℄, beause for the systems under
disussion here they provide the dominant singular nite-
size behavior of the free energy and of other thermody-
nami variables. Whenever s 6= 0, whih is the generi or
so-alled normal ase for atual uids onned by solid
substrates, the funtions Xsr and X lrs will determine the
leading ritial nite-size behavior of the Casimir fore.
[We note that if the uid lm of interest is a wetting
uid on a solid substrate or an interfaial wetting lm
in binary liquid mixtures, one or two onning speta-
tor phases are uids, too. Apart from subtleties suh as
the ourrene of apillary waves at onning uid inter-
faes, our present approah is expeted to over the im-
portant aspets also of these more ompliated systems.
The dierent preferenes of the walls, however, lead to a
situation whih is not desribed by (+,+) boundary on-
ditions and requires, therefore, a separate onsideration.℄
Due to the lak of the symmetry s→ −s in the presene
of (+,+) boundary onditions, a term in the free energy,
whih is  to lowest order  linear in s, is indeed ex-
peted. So-alled neutral walls, onsidered theoretially
(see, e.g., Ref. [40℄ and referenes ited therein), orre-
spond to s = 0. In this speial ase Xsr and X lrl will
determine the dominant nite-size behavior of the uid
system. For suh a ase Xsr and X lrl must be alulated
for Dirihlet-Dirihlet boundary onditions. Reently a
similar system of a uid near a weakly attrative wall has
been onsidered by Monte Carlo methods [41℄; but in this
study the interation potential between the uid partiles
has been trunated thereby rendering eetively a short-
ranged potential. Finally, we emphasize again that for
lm thikness L ≤ Lcrit an expansion of the type given
in Eq. (1.3) is not possible so that for these systems the
van der Waals interation will be important throughout
the ritial region, inluding the point (T = Tc,∆µ = 0),
i.e., in this ase even the determination of the Casimir
amplitudes is aeted.
E. Outline
The artile is arranged suh that in Se. II we present
the lattie gas model with van der Waals type long-
ranged interations. In Se. III we present our results
for the free energy and the fore by fousing in Sub-
se. III A on our results for the fore near ritiality, while
in Subse. III B we disuss the behavior of the system o
ritiality, inluding the apillary ondensation regime.
Finally in Se. IV we summarize our ndings and om-
ment on their experimental relevane. As far as possible
we ompare our results with previous ndings for uids
governed by or exposed to dispersion fores. Important
tehnial details are presented in Appendies A, B, and
C.
6II. THE MODEL
Within the density funtional approah for inhomoge-
neous uids, whih in pratie is mean-eld-like in har-
ater, the grand anonial funtional Ω[ρ(r)] of a uid
has to be minimized with respet to the loal number
density ρ(r) [42, 43℄ (in view of our fous on ritial phe-















The uid is onned between two parallel at plates at a
distane L whih exert a substrate potential V (z) with z
as the normal distane from one wall. For an individual
wall V (z → ∞) ∼ z−σ with σ = 3 for a genuine van der
Waals interation; µ is the hemial potential and fHS(ρ)
is the bulk free energy density of a hard-sphere system
ating as a referene system; w(r) is the uid potential
whih is suitably regularized at a moleular distane, i.e.,
it exhibits a negative, nite, plateau around |r| = 0 and
tends to zero aording to a power law for large values
of r = |r|. In Eq. (2.1) the integrals run over the slab
volume.
In the spirit of fousing on the essential features of
onned ritial phenomena, one an further simplify the
ontinuum funtional in Eq. (2.1) by replaing it by its
lattie version. This resembles the approah taken, e.g.,
by Fisher and Nakanishi [44, 45℄ in their mean-eld study
of the same system but governed by short-ranged fores.


















[V (z)− µ]ρ(r), (2.2)
where L is a simple ubi lattie in the region 0 ≤ z ≤ L
oupied by the uid. Here and in the following all length
sales are taken in units of the lattie onstant a of the
order of a moleular diameter (and thus are dimension-
less) so that the partile density ρ(r) is dimensionless and
varies within the range [0, 1]. In Eq. (2.2) the terms in
urly brakets orrespond to the entropi ontributions,
while in an obvious way the other terms are diretly re-
lated to the interations present in the system.
The variation of Eq. (2.2) with respet to ρ(r) leads














The advantage of this equation is that it lends itself to
solving it numerially by iterative proedures. For a
given geometry and surfae potential V (z) the solution
determines the equilibrium order-parameter prole ρ∗(r)
in the system. Inserting this prole into Eq. (2.2) renders
the grand anonial potential of the system. In order to
avoid the double sum in Eq. (2.2), whih is inonvenient
for the numerial treatment, from Eq. (2.3) one an eas-




















kBT {ρ∗(r) ln [ρ∗(r)]
+[1− ρ∗(r)] ln [1− ρ∗(r)] − ρ∗(r) arctanh[2ρ∗(r)− 1]}
−1
2
[µ− V (z)] ρ∗(r)
]
. (2.5)
Note that here ρ∗(r) is no longer a free funtional vari-
able, with respet to whih one has to minimize Eq. (2.5),
but the solution of Eq. (2.3).






′ w(r − r′), the equation of state (2.3) an be














where J(r − r′) = −w(r − r′)/4. The bulk properties of
the model are well known (see, e.g., Refs. [46, 47℄ and ref-
erenes therein). We reall that the order parameter φ∗ of
the system has a ritial value φ∗ = 0 whih orresponds
to ρc = 1/2 so that φ
∗ = 2(ρ∗ − ρc). The bulk ritial







J(r)) with the sum running over the whole
lattie. Within the mean-eld approximation the ritial
exponents for the order parameter and the ompressibil-
ity are β = 1/2 and γ = 1, respetively. The eetive
surfae potential ∆V (z) in Eq. (2.6) is given by (see Ap-
pendix A, in partiular Eq. (A8) as an analogue)
∆V (z) = δvs
[
(z + 1)−σ + (L+ 1− z)−σ] , (2.7)
1 ≤ z ≤ L−1, where ontributions of the order of z−σ−1,











) (ρsJ l,s − ρcJ l) (2.8)
7is a (T - and µ-independent) onstant,
J(r) ≡ J lsr {δ(|r|) + δ(|r| − 1)}+J l/(1+|r|d+σ) θ(|r|−1),
(2.9)
is a proper lattie version of −w(r)/4 as the interation
energy between the uid partiles, and
J l,s(r) ≡ J l,ssr δ(|r| − 1) + J l,s/|r|d+σ θ(|r| − 1) (2.10)
is the one between a uid partile and a substrate par-
tile (here δ(x) is the disrete delta funtion [48℄ and
θ(x) is the Heaviside step funtion with the onvention
θ(0) = 0); ρs is the number density of the substrate par-
tiles in units of a−d. Note that Eq. (2.9) inorporates
the lattie version of the regularization of J(r) at r = 0
as implied by the original o-lattie density funtional
approah. Here we take into aount on equal footing
the two ontributions to the eetive interfae potential
[43℄ stemming from the missing uid partiles and from
the substrate partiles. From Eq. (2.6)  (2.10) one an




(see Eq. (1.3); s > 0 orresponds to walls preferring the
liquid phase of the uid). The ase s = 0, whih will be




the eetive potential δvs is formed by the dierene of
the relative strength of the substrate-uid interation for
a substrate with density ρs and that one of the uid-uid
interation for a uid with a density ρc. In Eq. (2.7) the
restrition z ≥ 1 holds beause we onsider the layers
losest to the substrate to be ompletely oupied by the
liquid phase of the uid (whih implies that we onsider
the strong adsorption limit), i.e., ρ(0) = ρ(L) = 1, whih
is ahieved by taking the limit J l,ssr → ∞; therefore the
atual values of ∆V (0) = ∆V (L) will play no role. In
order to preserve the monotoni behavior of w(r) as a
funtion of the distane r between the partiles, in Eq.
(2.9) we have to require that J lsr ≥ J l/(1 + 2(d+σ)/2).











































does not depend on φ and therefore is a regular bak-
ground term whih arries a L-dependene and thus
shows up in the fore. An expression similar to the one
in Eq. (2.5), whih avoids the double sum and thus is
more onvenient for numerial proedures, an be also
obtained. With the identiations φ(r) ↔ m(r) and
1
2 [∆µ−∆V (z)]↔ h(z) one an rewrite the above expres-
sion for Ω[φ(r)] as a funtional ∆Ω[m(r)] ≡ (Ω − Ωreg),
whih desribes a magneti system at temperature T and
in the presene of an external loal and spatially varying
magneti eld h(z). In the remainder we shall use this
mutual orrespondene between the uid and magneti
systems in order to make ontat with existing theoretial
results for any of them. We shall all the fore alulated
from using Ω[φ(r)] the total Casimir fore, while that part
of the fore alulated with the regular bakground term
subtrated will be termed the ritial Casimir fore. This
proedure orresponds to the analysis of experimental
results if one subtrats from the value of the fore mea-
sured around Tc the asymptote obtained by measuring
this fore well above Tc.
In aordane with Eq. (1.3), for the nite-size behav-
ior of the exess grand anonial potential per unit area
A of a liquid lm in the ase when both onning surfaes
prefer strongly the liquid phase, one expets







+ [Al(T, µ) +Al,s(T, µ) +As(T )]L
−(σ−1),
where σnss,1 and σ
ns
s,2 are the non-singular parts of the sur-
fae tensions at the surfaes 1 and 2, respetively (the
singular parts are inorporated in XΩ). Here





J lρ2b(T, µ), (2.15)
with ρb being the bulk uid density at the given T and
µ, represents that part of the Hamaker onstant whih
is generated by the long-ranged part of the uid-uid
interations, i.e., the dispersion interation [49, 50℄, As <
0 is the part due to the diret long-ranged interations
between the two substrates, while Al,s(T ) > 0 is the
orresponding term generated by the long-ranged tails
of the substrate potentials ating on the uid partiles.
Aording to Appendix A and with Js,s(r−r′) = Js/|r−
r
′|d+σ for the interation between substrate partiles one
has






and aording to Appendix B 2






J l,s ρb(T, µ) ρs(T ) > 0,












Note that Al < 0 and As < 0, while Al,s > 0, and that
As is an analyti funtion of T . If both the uid and the
substrates are governed by van der Waals fores, the on-
stants Al, Al,s, and As are not independent. As pointed
out in Ref. [50℄ for suh systems the parameters J l, J l,s,
and Js an be expressed in terms of the orresponding
atomi polarizabilities αl and αs, i.e., J
l ∼ α2l , Js ∼ α2s,
and J l,s ∼ αlαs. (Note that this property implies that
J l/α2l = J
s/α2s = J
l,s/αlαs is independent of the par-
tiular atomi or moleular speies.) Therefore, one an
write the sum of Al, Al,s, and As as a perfet square, i.e.,







J lρ2b(T, µ)− 2J l,sρb(T, µ)ρs(T ) + Jsρ2s(T )
]
∼ −(αsρs − αlρb)2 < 0, (2.19)
whih leads to the onlusion, that for a Lennard-Jones
uid between two idential Lennard-Jones walls the ef-
fetive dispersion interation for the lm is always attra-
tive. Coating the substrate surfaes of the system with
some additional material does not hange this leading-
order L-dependene and therefore does not hange the
above property. This result is in full agreement with the
Dzyaloshinskii-Lifshitz-Pitaevskii theory [51, 52℄ whih
also predits that the eetive interation between iden-
tial half-spaes separated by a thin lm is always attra-
tive [50, 53℄.
The only quantity in Eq. (2.14), whih still has to
be identied for our model, is the value of the oupling
onstant l. Aording to Refs. [20, 24, 28℄
l = vσ/v2, (2.20)




exp(ik · r)J(r) of the interation J(r)
(see Eq.(2.9)). One has [20, 24, 28, 29, 54℄ Jˆ(k) =
Jˆ(0)[1 − v2k2 + vσkσ − v4k4 + O(k6)]. It is easy to
hek that the short-ranged part Jˆsr(k) of the Fourier
transform of the interation has the form Jˆsr(k) =
J lsr[1 + 2d − k2 + O(k4)] ≡ Jˆsr(0)[1 − vsr2 k2 + O(k4)],




2 = 1/(1 + 2d) while for
the Fourier transform of the long-ranged part Jˆlr(k) =
Jˆlr(0)[1 − vlr2 k2 + vlrσ kσ − vlr4 k4 + O(k6)] an analytial









n(d, σ) = − pi
d/2+1
2σ sin(piσ/2)Γ[(d+ σ)/2]Γ(1 + σ/2)
> 0,
(2.22)














while Jˆ llr(0) = Jˆlr(0)/J
l





1/(1 + |r|d+σ), where r with |r| = 0, 1
are omitted from the sum (see Eq. (2.9)), of a system
with purely long-ranged interations measured in units
of J l. Sine both Jˆlr(0) and v
lr
2 depend also on the prop-
erties of the interation at short distanes it is lear that
for the preise determination of the values of l the use of









1 + |r|d+σ θ(|r| − 1). (2.25)
For the genuine van der Waals interation d = σ =
3 one has n(3, 3) = pi2/12 ≃ 0.822 and if the system
is disretized in terms of a simple ubi lattie one has
Jˆ llr(0)v
lr
2 ≃ 1.692. In this ase for λ = 0, 1/2, 1, and 2
one has l = 0, 0.222, 0.306, and 0.375, respetively. Note










the position of its minimum, whih within our approah
an reasonably be taken as the lattie spaing a, is at a =
6
√
2 σ0. The value −ε of its minimum orresponds to J lsr.
Thus the leading, attrative part −4ε(σ0/r)6 of the long-
ranged interation equals −2ε(a/r)6, whih leads to the
onlusion that for pure Lennard-Jones potentials λ = 2.
We reall that for L ≫ Lcrit, ωs > 0, and ωl > 0, in
line with Eq. (2.14) the behavior of the Casimir fore
an be deomposed aording to Eq. (1.3). The aim of
the urrent study is to determine the leading nite-size
behavior of the Casimir fore in any region of the ther-
modynami parameter spae of the model. As stated
in Se. I, for any y, Xsr(x, y) deays exponentially for
|x| → ∞, while in that regime the other saling fun-
tions X lrl and X
lr
s deay aording to a power law. Based
on the results of Refs. [20, 28, 29, 30℄ one expets that
the deviation from the leading short-ranged behavior sets
for L & ξ ln(ξ/ξ0). For the saling funtion X
lr
l one ex-
pets X lrl (x→∞, 0) = X1xη−2, where X1 is a universal
onstant.
Some information is also known about the asymp-
toti behavior of X lrs (x → ∞, 0) [55℄. In Ref. [55℄ the
authors have onsidered the behavior of the solvation
fore in a uid with short-ranged fores (i.e., J l = 0)
under the inuene of long-ranged substrate potentials
deaying at large distanes z as δvsz
−σ
. In the ase
9FIG. 3: (a) The typial behavior of the total Casimir fore (per area of the lm ross setion, in units of kBT , and without
the diret substrate-substrate interation) at ∆µ = 0 as a funtion of the temperature saling variable in a system with
substrate-uid and uid-uid long-ranged interations. One observes that outside the ritial region the fore is repulsive and
beomes attrative only near the ritial point of the system due to the ritial utuation of the uid density. (If the diret
substrate-substrate interation is added to ftotal, the resulting fore is attrative in the whole thermodynami spae.) The data
orrespond to L = 50 and s = λ = 1 (where s = 1 for T = Tc, see Eq. (2.11)). The asymptote (see Eqs. (2.15) and (2.17))
is given by β(σ − 1) (Al,s + Al) = 4sKρb + λK{4pi
d−1Γ[(1 + σ)/2]}/{σΓ[(d+ σ)/2]}ρb (1− ρb) where in the present mean-eld
ase d = σ = 4, K = βJ lsr, and for Kc see Eq. (3.6). Note that above the ritial point ρb = ρc = 1/2, while for T < Tc ρb
inreases upon a derease of the temperature. This leads to a learly visible asymmetry in the asymptoti behavior of the fore.
(b) The same as in (a) but as funtion of the eld saling variable and at Tc. One again observes that everywhere outside the
ritial region the total fore (without the diret substrate-substrate interation) is repulsive and beomes attrative only near
the ritial point of the system due to the ritial utuation of the uid density.
Al = As = Al,s = 0 (i.e., for T > Tc in a magneti
system in the absene of an external bulk magneti eld)
they found numerially together with analytial mean-
eld arguments that the leading size dependene of the
fore f is of the order of L−(σ+1). If valid this would
lead to X lrs (x → ∞, 0) = Xsxd/2−2+η/2. For a mean-
eld model with d = 4 and η = 0 this would imply
X lrs (x → ∞, 0) = Xs, i.e., this saling funtion would
tend to a onstant away from the ritial point (or vary
∼ lnx). Moreover, onsisteny with the struture of Eq.
(1.3) imposes the temperature dependene ∼ tβ−ν of the
term ∝ L−(σ+1). This diers from the result in Ref. [55℄,
where the authors analyzed the system away from the
saling regime and purportedly reported that the orre-
sponding term varies ∝ t−1L−(σ+1).
Finally, we nish this setion by realling that if L ≤
Lcrit (or if ωs < 0 or ωl < 0) an expansion of the type
given in Eq. (1.3) is not possible. In that ase the eets
of the van der Waals interations will be important ev-
erywhere in the ritial region of the system, even at the
bulk ritial point.
III. FINITE-SIZE BEHAVIOR OF FILM FREE
ENERGIES AND OF THE CASIMIR FORCE
In this setion we investigate the nite-size behavior
of the total Casimir fore within the full temperature
range. Experimentally this fore is aessible as the so-
alled solvation fore. In Subse. III A we fous on the
ritial behavior; the nite-size behavior o ritiality is
disussed in Subse. III B. Before passing to a detailed
analysis of the inuene of the dierent parameters on
the behavior of the fore, we rst provide a view on the
typial behavior of the total fore (s = λ = 1) as a fun-
tion of L/ξt at ∆µ = 0 (i.e., at bulk oexistene) (see Fig.
3(a)), and as a funtion of L/ξµ at the ritial temper-
ature T = Tc (see Fig. 3(b)). The results are obtained
within the model presented in the previous setion hoos-
ing a lm thikness L = 50 layers. (Compare Fig. 2
for L = 500; however, here the fores are not normal-
ized by their value at Tc.) One observes that the fore
(negleting the ontributions from the diret substrate-
substrate interation so that the onlusion stated after
Eq. (2.19) does not hold for ftotal onsidered here) is
always repulsive outside the ritial region while within
the ritial region it beomes attrative due to the ritial
utuations of the density. One observes in both ases
for L/ξ > 30 (where ξ is either ξt or ξµ) that the on-
tribution β(σ − 1)(Al + Al,s) (indiated as asymptote)
provides a good approximation of the total fore. Using
Eqs. (2.15) and (2.17), and ρc = 1/2, it an be shown
that
















where K = βJ lsr. Note that, if s > 0 and λ > 0, β(σ −
1)(Al + Al,s) > 0, i.e., the fore away from the ritial
region is repulsive.
In the following subsetion we analyze in detail the
behavior of the fore within the ritial region and study
its dependene on s, λ, and L.
A. Critial behavior
Within the present mean-eld approah, one has β =
ν = 1/2, η = 0, and γ = 1. Apart from logarithmi
orretions, these mean-eld values hold for d = dc = 4,
provided the interations governing the system are not
too long-ranged. Sine for genuine van der Waals inter-
ations d = σ, in the following we adopt d = σ = 4,
whih leads to:







+3β [Al(T, µ) +Al,s(T, µ) +As(T )]
}
.
Note that for d = σ = 4, η = 0 the requirements σ > 2−η
and σ > (d+2−η)/2 for the irrelevane of the long-ranged
van der Waals type ontribution to the behavior of the
fore are fullled [56℄. For the model onsidered here a
diret estimate of Lcrit yields Lcrit = 32s (taking into
aount that here all distanes are measured in units of
the lattie spaing). Sine s = 1 is the largest value of
s for whih we shall provide numerial results, we on-
lude that for systems with L ≫ 32 layers the van der
Waals interation is expeted to give only orretions to
saling while for smaller L its eets will be important
everywhere inluding the ritial region of the system and
will aet even the determination of the Casimir ampli-
tude. Of ourse the above estimate does not tell the exat
meaning of muh larger than 32, but we expet that a
fator of 10 should put one onto the safe side. Thus the
expetations is that for L & 300 the van der Waals inter-
ation will provide only orretions to saling within the
ritial region. Our subsequent analysis will demonstrate
that this expetation is indeed valid. We shall onsider
lms with thiknesses L = 50, 100, 500, and L = 1000
layers. It will turn out that for L = 500 and L = 1000
the van der Waals eets are small, whereas for L = 50
and L = 100 it will turn out that they aet the be-
havior of the fore for all values of the thermodynami
parameters.
In order to determine the saling funtion X of the
Casimir fore one has to solve numerially Eq. (2.6) for
φ∗(r) and to insert this solution into Eq. (2.5), where
ρ∗ = (1 + φ∗)/2. Due to the symmetry of the system
one has φ∗(r) = φ∗(z). We determine the fore from the
lattie version of Eq. (1.1) (see Eqs. (2.2) and (2.14)):
f(L, t|l, s = 0) = −β
2
[ωex(L + 1, t|l, s = 0)
−ωex(L− 1, t|l, s = 0)] . (3.3)
(There are alternative approximations of ∂ωex/∂L whih,
however, yield the same leading behavior in L we are
interested in.)
Aording to Appendix C, for d = σ = 4 the equation




β [∆µ−∆V (z)] +K









where K = βJ lsr, λ = J






















































In Eq. (3.4) a4 = 7 + λ(c4 − 4), ann4 = 1 + λ(cnn4 −
1/2), where c4 = 4.900 and c
nn
4 = 1.028 are onstants
evaluated in Eqs. (C17) and (C18), respetively. It is
straightforward to show that the ritial oupling of the
bulk system is
K−1c (λ) = a4(λ) + 2a
nn





so that the bulk ritial point oordinates are (K =
Kc(λ),∆µ = 0). Note that the position of the ritial
point depends on λ.
For (+,+) boundary onditions one has ρ(0) = ρ(L) ≡
1, or equivalently φ(0) = φ(L) ≡ 1. We have imposed
the boundary onditions in suh a way that the number
of liquid layers with independent degrees of freedom is
L−1. (We reall our remark in the Introdution that the
Casimir fore hinges on the denition of what is alled
the lm thikness.) The funtion g4(a) aounts for the
uid-uid long-ranged interation. We note that in many
analyses g4(a) is typially negleted; even in numerial
treatments of van der Waals systems the range of the
interation between the uid partiles is often atually
trunated rendering eetively a short-ranged potential.
One an ast Eq. (3.4) also into a ontinuum form whih
is a lose analogue of the one usually derived from a
Ginzburg-Landau type Hamiltonian. The orresponding
generalized Euler-Lagrange equation for the prole then























We start our evaluation of the Casimir fore by rst
reproduing the analytially exatly available mean-eld
results for the fore for (+,+) boundary onditions. That
serves also as a valuable hek for the model we have
desribed above.
For the following, Eq. (3.4) denes the model the
nite-size behavior of whih will be investigated in detail.
In this model the long-ranged substrate uid interation
is present via the substrate potentials∆V , while the long-
ranged uid-uid interation is reeted by λ 6= 0. A-
ordingly, the fully short-ranged model orresponds then
to ∆V = 0 and λ = 0.
Before starting with the study of the inuene of the
dierent parts of the interation on the behavior of the
fore we briey omment on the universality of the saling
funtion X in Eq. (3.2) within mean-eld theory.
1. Modied nite-size saling for mean-eld systems
Here we assume that L is large enough so that one
is allowed to onsider only the saling elds whih are
relevant in renormalization-group sense. In this ase,
within non-mean-eld theories hyper-saling and hyper-
universality are valid so that the nite-size behavior of
the singular part of the grand anonial potential density
βωs ≡ βΩs/V near the bulk ritial point of the system
(T = Tc, µ = µc) is given by [57℄










where ξt ≡ ξ∞(T → T±c , µ = µc) = ξ±0 (λ)|t|−ν and
ξµ ≡ ξ∞(T = Tc, µ → µc) = ξ0,µ(λ)|βc∆µ|−ν/∆ are the
seond moment bulk orrelation lengths. Here, as before,
all lengths are measured in units of the lattie spaing a,
t = (T − Tc)/Tc, ∆µ = µ − µc, and the parameter λ
reets the dependene of the bulk system on the long-
ranged omponent of the uid-uid interation. Note
that there is no nonuniversal normalization fator in front
of the universal saling funtion Xω(xt, xµ). Indeed,
due to hyper-universality limT→T+c βωs(T, µc,∞)ξdt = Q,
where Q is a universal onstant; this is onsistent with
the limit L/ξt →∞ of Eq. (3.8) with limx→∞Xω(x, 0) =
Q xd.
Within mean-eld theory hyper-universality is laking
and generates a nonuniversal metri fator A(λ), i.e.,










It is easy to hek that within our model the bulk grand
anonial potential density βωs,bulk(T, µ) of the system
is a universal funtion of β/βc and β∆µ in the sense
that βωs,bulk(T, µ) is not proportional to any λ depen-
dent term. Requiring this property to be ompatible
with Eq. (3.9) in the limit L/ξt → ∞, it follows that





QMF is universal (i.e., independent of λ). Furthermore,
one has XMFω (x → ∞, y) = x4X˜MFω (x/y). Moreover,
sine βωs,bulk(T, µ) does not depend expliitly on λ it
follows that the ratio ξt/ξµ does not depend on λ, whih
for our model an indeed be veried (see the following
subsetion). Thus Eq. (3.9) turns into the form















where QMF has been inorporated into the saling fun-
tion XMFω . X
MF
ω is universal, in the sense that it
does not depend on λ (negleting the ontributions due
to the irrelevant saling elds). Naturally, the ratio
βωs(T, µ)/βcωs(Tc, µc) denes a saling funtion that
also does not depend expliitly on λ (see Eq. (3.9)),
but this ratio does not oer the possibility to disuss
the dependene of βωs(T, µ) on other parameters of the
model near the ritial point beause by onstrution at
the ritial point this ratio equals 1.
2. The Casimir fore in systems with short-ranged
interations.
For (+,+) boundary onditions and within mean-eld
theory the analytial form of the saling funtion of the
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FIG. 4: (a) Comparison for ∆µ = 0 between the behavior of the total Casimir fore in our mean-eld lattie model with short-
ranged interation (red dots) and the singular part of the fore obtained within ontinuum mean-eld Ginzburg-Landau theory
[16℄ (blak line). Both urves are normalized by their absolute values at the bulk ritial point. This normalization is neessary
beause the Ginzburg-Landau theory predits the fore only up to a nonuniversal multipliative fator. The lattie data have
been alulated for L = 500. Both urves overlap perfetly, whih demonstrates that the orretions due to the orretions to
saling, regular ontributions, and the existing arbitrariness in the denition of L an be safely ignored if L is of order the of
500 and the interation is short-ranged. Note that the minimum ours above the ritial point at xt = sgn(t)L/ξt ≃ 3.75. (b)
The same as in (a) for T = Tc as a funtion of the eld saling variable xµ = L/ξµ; the results for the singular part of the
fore within a ontinuum mean eld Ginzburg-Landau type theory are from Ref. [21℄. The minimum of the fore ours at
xµ ≃ −8.4, i.e., on the vapor side of the bulk oexistene urve (with the walls preferring the liquid phase). The fore minimum
is about a fator 10 deeper than the fore at Tc and a. seven times deeper than the minimum along the temperature san.
Casimir fore in systems with short-ranged fores has
been obtained in Ref. [16℄. The orresponding result
for ∆µ = 0 is
(i) Xsr(y ≥ 0) = −[2K(k)]4k2(1 − k2), (3.11a)
with y = [2K(k)]2(2k2 − 1),
(ii) Xsr(0 ≥ y ≥ −pi2) = −4K4(k), (3.11b)
with y = [2K(k)]2(2k2 − 1),
(iii) Xsr(y ≤ −pi2) = −4K4(k)(1 − k2)2, (3.11)
with y = −[2K(k)]2(k2+1), where K(k) is the omplete
ellipti integral of the rst kind, 0 ≤ k < 1. In Eq. (3.11)
the saling variable of Xsr(y) is y = t L1/ν = t L2 (here
L is measured in units of a, i.e., in the saling variable
y L is dimensionless) and enters impliitly via y = y(k)
whih an be inverted uniquely to k = k(y) beause y
is a monotoni funtion of k. We note that Xsr(y) is
analyti for all values of y, beause the lm ritial point
(Tc(L),∆µc(L)) is loated o oexistene at ∆µc(L) ∼
L−∆/ν ∼ L−3 (see Fig.(1)) [44, 45℄. Obviously one has
y ≥ 0 if k ≥ 1/√2 (with k = 1/√2 orresponding to the
bulk ritial point), 0 ≥ y ≥ −pi2 if 1/√2 ≥ k ≥ 0 (with
k = 0 orresponding to the atual lm ritial point),
and y ≤ −pi2 if −1 < k < 0 (negative k desribe the
region below the bulk ritial point).
In order to hek universal aspets of our model and
the reliability of our numerial proedures, for ∆µ = 0
and T lose to Tc in Fig. 4(a) we ompare the results for
Xsr(xt = sgn(t)L/ξt, xµ = sgn(∆µ)L/ξµ) = 0) obtained
within the lattie model (Eq. (2.12) with ∆µ = ∆V =
Ωreg = J
l = 0) with the above analytial results of the
ontinuum theory [16℄. In addition, for T = Tc and∆µ 6=
0 in Fig. 4(b) we present the saling funtion of the fore
Xsr(xt = 0, xµ) as obtained within the lattie model in
omparison with the numerial results of the ontinuum
theory [21℄. Here ξt is the bulk orrelation length ξ(t →
±0,∆µ = 0) = ξ±0 |t|−ν , with ν = 1/2, while ξµ(t =
0,∆µ → 0) = ξ0,µ|∆µ|−ν/∆ with ν/∆ = 1/3. For the








[21, 58℄ (where a has been introdued as a length sale in
order to ahieve ompatibility with the lattie model).
The Fourier transform g˜(k) of the density-density or-
relation funtion








[ρ(1 − ρ)]−1 + βw˜(k) . (3.13)
From Eq. (3.12), using −4J˜(k) = w˜(k) and the small
k expansion of J˜(k), one obtains for the seond moment













FIG. 5: Comparison between the behavior of the total Casimir fore normalized by its absolute value at the bulk ritial point
for a lattie model with short-ranged interations for L = 50 (red dots) with the orresponding ontinuum Ginzburg-Landau
result (blak urve). (a) For ∆µ = 0 there are small dierenes between the two urves for |sgn(t)L/ξt| & 5 where orretions
to saling and the regular ontributions start to show up. For |sgn(t)L/ξt| ≫ 1 both urves deay exponentially and therefore
they annot be distinguished for |sgn(t)L/ξt| & 10. (b) Same as (a) for T = Tc and as funtion of ∆µ in terms of the eld
saling variable xµ = L/ξµ. The deviations are largest around the minimum.
FIG. 6: Comparison between the behavior of the total unnormalized (a) and normalized (b) Casimir fore in a lattie model
with short-ranged interations for dierent values of L. While in (a) the urves for L = 500 and L = 1000 pratially oinide,
whih means that the nonuniversal orretions are negligible, the orretions beome apparent for the lm thiknesses L = 50
and L = 100. At the bulk ritial point these orretions amount to 15% for L = 50 and 8% for L = 100. (b) If the urves
from (a) are normalized by their values at the ritial point they pratially fall on top of eah other and oinide with the
ontinuum result. This ours beause the fore is strongest at and near Tc and, by onstrution, the urves for dierent L are
fored to oinide at T = Tc thus shifting the possible deviations from eah other towards large values of the saling variable
for whih the fore deays exponentially so that in that range all urves again oinide with eah other.
Solving the bulk equation φ = tanh[φ(β/βc) + β∆µ/2]
for the order parameter one obtains from Eq. (3.14) that
















For a system with a uid-uid interation given by Eq.
(2.9) with J l = 0 (i.e., short-ranged interation) and dis-
retized on a ubi lattie one has v2 = 1/(1 + 2d), so
that for d = 4 one has
√
v2 ≃ 1/3. Figures 4(a) and
4(b) demonstrate that the normalized saling funtions
as obtained within the ontinuum model and within the
lattie model pratially oinide one the amplitudes
ξ0 and ξ0,µ for the two models are hosen as desribed
above. Thus on the mean-eld level the present lattie
model is indeed suitable for investigating the Casimir
fore. We emphasize that at T = Tc the minimum of
the fore does not our at bulk oexistene µ = µc
but at a nonzero value ∆µ, determined for eah L via
xµ ≡ sgn(∆µ)L/ξµ ≃ −8.4, i.e., on the gas side of the
bulk oexistene urve (with the walls preferring the liq-
uid phase). Similarly, if∆µ = 0 the minimum of the fore
is not at but above Tc, given by xt = sgn(t)L/ξt ≃ 3.75.
We note that Fig. 4 atually provides a omparison be-
tween the behavior of the total Casimir fore in a lat-
tie model with short-ranged interation with the singu-
lar part of the fore obtained within ontinuum mean-
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FIG. 7: Comparison between the behavior of the ritial Casimir fore normalized aording to Eq. (3.19) for dierent values of
L, λ, and s. The strength of the long-ranged uid-uid interation is reeted by the value of λ (the larger λ the stronger is the
long-ranged tail of the interation in omparison with the short-ranged part (Eq. (2.24))) and the strength of the long-ranged
substrate-uid interation is reeted by the value of s (the larger s the stronger is the eetive interation with the substrate
(Eqs. (2.8) and (2.11))). We onsider systems with L = 1000 (a), 500 (b), 100 (c), and L = 50 (d) layers. If L dereases one
observes a more pronouned dependene on s and λ. While for L = 1000 and L = 500 all urves are very lose to eah other,
they signiantly deviate from eah other for L = 100 and L = 50. For all L the maximal deviations with respet to the
short-ranged ase orresponding to s = λ = 0 our for s = 1, λ = 0 (whih strengthens the fore) and s = 0, λ = 1 (whih
weakens the fore). As nonuniversal eets they depend on the absolute value of L. While for L = 1000 the maximal deviation
is (still) about 10%, for L = 50 it reahes 100%. This profound dependene on the values of s and λ is most visible for L = 50.
Contrary to the situation for L = 1000 and L = 500, for L = 50 none of the urves are even lose to eah other. The data show
that the dependene on s is more sensitive than that on λ: hanging the value of s leads to more pronouned deviations from
the results for short-ranged fores than hanging the value of λ. Furthermore, for smaller L the dependene on s is stronger
and the urves vanish less rapidly for xt →∞. We reall the asymmetry in the asymptotes of the total fore for xt → −∞ and
xt → ∞ (see Fig. 3(a)). In order to obtain its ritial ontribution the asymptote for T > Tc was subtrated. For this reason
one observes for f¯MFTcrit a tendeny to inrease for xt → −∞.
eld Ginzburg-Landau theory. If L is small enough the
orretions to the universal behavior, whih are due to
the orretions to saling, to regular ontributions, and
to the existing arbitrariness in the denition of L (see
below as well as Appendix B in Ref. [39℄), will beome
visible. For L = 50 this is shown in Fig. 5. The role
of L is visualized in Fig. 6. Sine the Casimir fore is
a derivative of the exess free energy with respet to L
it depends on the denition of L for a given system. In
the urrent analysis this distane is taken to be the lat-
tie spaing times the number of layers with independent
degrees of freedom (whih is L − 1) plus two times half
the distanes between the outermost layers with frozen
degrees of freedom and their adjaent inner layers, i.e.,
La.
3. The Casimir fore in systems with van der Waals type
interations
In this subsetion we analyze the eet of the range of
the uid-uid and the substrate-uid interations on the
behavior of the Casimir fore, i.e., we onsider systems
in whih either λ or s, or both, are nonzero. Note that
λ 6= 0 implies l 6= 0 (see Eq. (2.23)). To this end we rst
determine the bulk orrelation length amplitudes ξ0 and
ξ0,µ whih depend on λ. Due to Eq. (3.15) this requires
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θ(|r| − 1) . (3.16)
For d = σ = 4 and for a hyperubi lattie a numerial
evaluation yields
v2 =
1 + 0.829 λ
9 + 2.152 λ
. (3.17)
For λ = 0, 1/2, 1, and 2 one thus obtains ξ+0 =
√
v2 =
1/3, 0.375, 0.405, and 0.447, respetively.
The orresponding numerial results for the behavior
of the ritial Casimir fore fcrit are summarized in Figs.
7, 8, 9, and 10. (fcrit is that part of the total fore ftotal
alulated with the regular bakground term subtrated;
this proedure orresponds to the analysis of experimen-
tal results if one subtrats from the value of the fore
measured around Tc the asymptote obtained by measur-
ing this fore well above Tc.) While Figs. 7 and 8 deal
with the temperature dependene of the ritial Casimir
fore at oexistene, Figs. 9 and 10 visualize the depen-
dene on the exess hemial potential at T = Tc. In
Figs. 8 and 10 the fore is normalized by its value at
the bulk ritial point. This latter presentation does not
allow one to ompare the fores for dierent s and λ at
the ritial point, beause there by onstrution this ratio
equals 1 for all parameters. This partial lak of insight
from this ratio an be overome by hoosing an alterna-
tive normalization, whih keeps the dependene on λ and
s even at the ritial point:
f¯crit(xt, xµ|λ, s) (3.18)
= fcrit(xt, xµ|λ, s)/|fcrit(0, 0|λ = 0, s = 0)|.
Here fcrit(0, 0|λ = 0, s = 0) is the leading asymptoti
behavior (d− 1)∆+,+L−d of the ritial Casimir fore in
a system with short-ranged fores. This an be inferred
from experimental data of atual systems with dispersion
fores by onsidering the limit L ≫ Lcrit (Eq. (1.7))
of the dierene between the total Casimir fore ftotal
and the regular bakground ontribution (see Eq. (3.1)
and the asymptote in Fig. 3) at the bulk ritial point
(T = Tc,∆µ = 0). In theoretial analyses fcrit(0, 0|λ =
0, s = 0) an be determined diretly by swithing o the
long-ranged parts of the interation, i.e., by taking λ = 0
and s = 0 from the outset. As explained in Subse.
III A 1, within mean-eld theory the rhs of Eq. (3.18)
is not a ratio of universal saling funtions (Eq. (3.9))
as it is the ase for the rhs of Eq. (3.18) beyond mean-
eld theory, i.e., for d < 4. However, on the basis of the
onstrutions in Subse. III A 1 one an nd a mean-eld
estimate for f¯crit(xt, xµ|λ, s) in d = 3 by determining,
e.g., within our present mean-eld approah,
f¯MFTcrit (xt, xµ|λ, s)
=
{
[fcrit(xt, xµ|λ, s)/|fcrit(0, 0|λ = 0, s = 0)|]×[






Figs. 7 and 9 show the temperature and eld dependene
of f¯MFTcrit , respetively, for L = 1000, 500, 100, and 50.
For dereasing values of L one observes that the de-
pendene on s and λ beomes more pronouned. The
maximum value of s we have onsidered is s = 1. As
stated in the beginning of Subset. III A, in this ase one
expets that for L > 300 the van der Waals interations
give rise only to orretions to the leading short-ranged
behavior and that for thinner lms there are signiant
deviations in the whole range of values of the saling vari-
ables. These expetations are onrmed by Figs. 7 and
9. While for L = 1000 and L = 500 all urves are very
lose to eah other they deviate from eah other signif-
iantly for L = 100 and L = 50. Note that in all ases
the fore has a minimum above the ritial point. The
minimum is deepest for s = 1, λ = 0 and the fore is
weakest for s = 0 and λ = 1.
Figures 8 and 10 show the same mean-eld data
as in Figs. 7 and 9, respetively, but now normal-
ized by the atual values at the bulk ritial point,
i.e., fcrit(xt, xµ|λ, s)/|fcrit(0, 0|λ, s)|. Whereas the oin-
idene of the urves at xt = 0 and xµ = 0, respetively,
is enfored by onstrution, for L = 50 and L = 100
there are signiant dierenes for |xt| & 10, but barely
aeting the minimum at xt ≃ 3.75 (Fig. 8), and for
xµ < −4 inluding the minimum at xµ = −8.4, but
barely aeting the saling regime xµ & 0. The our-
rene of the fore minimum at negative values of xµ, i.e.,
on the gas side of the bulk gas-liquid oexistene urve,
an be understood by realling that the Casimir fore is
a utuation indued fore. The utuations are max-
imal at a small negative bulk eld whih is needed to
neutralize the ordering eet (whih suppresses the u-
tuations) due to the substrate-uid potential and thus of
the (+,+) boundary onditions. The ordering eet of
the surfae potentials an also be neutralized by inreas-
ing the temperature to values slightly above Tc. There-
fore the magnitude of the fore attains its maximum for
T = Tc at a negative value of xµ and for ∆µ = 0 at a
positive value of xt.
B. Finite-size behavior o ritiality: apillary
ondensation regime
To a ertain extent Fig. 3 has already disussed some
features of the fore outside the ritial region, where the
total fore is repulsive. O ritiality the fore is well ap-
proximated by β(σ − 1)(Al + Al,s) given by Eq. (3.1).
The small deviations ∆f of the fore from its asymptotes
(see Fig. (3)) an be explained in terms of an eetive
nite-size ontribution ∆µL to the exess hemial po-
tential ∆µ, whih sales as 1/L, i.e., the onned uid
at ∆µ has approximately the properties of a bulk uid
at ∆µ + ∆µL [59℄. This implies (ρ = (1 + φ)/2) that
φ ≃ φb(∆µ + ∆µL) ≃ φb(∆µ) + χb(∆µ)∆µL, with the
seond term produing a ontribution ∆f ∼ 1/L rela-
tive to the leading rst term. We reall that the total
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FIG. 8: Same data as in Fig. 7 but normalized by the value of the ritial Casimir fore at the bulk ritial point. This
normalization enfores oinidene of the urves at xt = 0. The gure demonstrates that this kind of normalization suppresses
the visibility of the inuene of the long-ranged interations, whih is atually rather strong for L = 50 and L = 100 (see
Fig. 7). Nevertheless, for suh values of L and large saling arguments the data demonstrate the dominant harater of the
nite-size ontributions to the fore whih are due to the van der Waals uid-uid (λ) and substrate-uid interations (s).
fore disussed in Fig. 3 has turned out to be repulsive
outside the ritial region beause it does not ontain
the ontribution As from the diret substrate-substrate
interation. As arries only a weak and smooth temper-
ature dependene via ρs(T ), whih is not inluded in the
degrees of freedom onsidered by the funtional (2.2). If
the ontribution As is added to ftotal, the resulting fore
is attrative (see Eq. (2.19)) throughout the whole ther-
modynamis spae. Besides the ritial regime there is,
however, one additional region where the approximation
of the fore by β(σ − 1)(Al + Al,s) is also not valid and
where the fore an be attrative, too, even if As is ne-
gleted.
This is the so-alled apillary ondensation regime,
whih will be disussed in the following. This apillary
ondensation regime ours at low temperatures T < Tc
and for L∆µ = O(1) with ∆µ < 0 if the walls prefer
the liquid phase [21, 60, 61, 62℄. In aordane with
Fig. 1 apillary ondensation means that upon inreas-
ing the hemial potential in a lm of thikness L there
is a rst-order phase transition between spatially inho-
mogeneous gas-like and liquid-like ongurations at val-
ues ∆µcap < 0, i.e., before reahing the bulk gas-liquid
oexistene urve ∆µ = 0. The signiant and interest-
ing features of the fore indued by apillary ondensa-
tion are displayed in Figs. 11 and 12. For a lm with
(+,+) boundary onditions, for ∆µ < 0 with |∆µ| su-
iently small it is favorable for the system that φ∆µ < 0,
i.e., the equilibrium phase to be liquid-like. This means
that φ is positive and thus follows the boundary on-
ditions provided by the eetive substrate potentials.
If ∆µ beomes more negative, at a given undersatura-
tion ∆µ = ∆µcap(T, L) the sign of the order parameter
hanges abruptly to a negative value following the bulk
eld and foring the appearane of two interfaes within
the system. Aordingly, for large L the orresponding
ontribution in Ω whih is linearly proportional to ∆µ
hanges by 2φb∆µL, thus leading to a L-independent
hange 2φb∆µ in the fore. (This simple argument as-
sumes that within this regime (∆µ . 0, low T ) in a large
part of the lm the order parameter prole φ(z) an be
approximated by its bulk value φb.) Sine the jump in
the sign of φ ours if the advantage of having φb with the
same sign as ∆µ, i.e., φb∆µ > 0 so that φb < 0, ompen-
sates the disadvantage of reating two surfae free energy
ontributions in the system with a negative order param-
eter ourring inspite of (+,+) boundary onditions, it is
easy to understand that ∆µcap ∼ 1/L. In Fig. 12 the
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FIG. 9: Same as Fig. 7 as funtion of the eld saling variable xµ = sgn(∆µ)L/ξµ(λ) for T = Tc. The minimum of the fore
ours for negative ∆µ, i.e., on the gas side of the bulk gas-liquid oexistene urve. The deepest minimum of the fore ours
for s = 1, λ = 0. For L = 1000 the fore at the minimum is about 10 times stronger than the fore at the ritial point. If
L dereases this minimum beomes even deeper; for L = 50 the orresponding fore is about 15 times stronger than at the
ritial point. The fore is weakest for s = 0, λ = 1. Similar to Figs. 7 and 8 one again nds that the dependene on s is more
sensitive than that on λ: hanging the value of s leads to more pronouned deviations from the results for short-ranged fores
than hanging the value of λ. We reall the asymmetry in the asymptotes of the total fore for xt → −∞ and xt → ∞ (see
Fig. 3(b)). In order to obtain its ritial ontribution the asymptote for T > Tc was subtrated.
total fore is shown as funtion of the hemial potential
∆µ. For ∆µ > ∆µcap, up to a leading order, it does
not depend on L. As demonstrated numerially for large
L only the maximum absolute value of the fore is L-
dependent, dereasing as ∼ 1/L due to the L-dependene
of ∆µcap(T, L). Figures 11 and 12 present results for a
system with short-ranged interations (s = λ = 0) and a
system in whih both the uid-uid and substrate-uid
interations are long-ranged (s = λ = 1). It turns out
that the behavior of the fore in the onsidered (T, µ)
region depends on s and λ mainly via the dependene of
∆µcap on s and λ. This dependene is studied systemati-
ally in Fig. 13. It shows that ∆µcap depends linearly on
K, L−1, s and λ. Furthermore the maximal amplitude of
the fore also inreases linearly if any of these parameters
inreases.
IV. SUMMARY AND CONCLUDING
REMARKS
In view of future experiments exploring the ritial
Casimir fores in lassial one- or two-omponent u-
ids onned by parallel substrates with the same pref-
erene for their oexisting uid phases we have analyzed
the atual and generi interplay between the long-ranged
utuation indued fore and the long-ranged dispersion
fores ating both between uid moleules and between
uid and substrate moleules.
From general saling arguments and expliit mean-eld
model alulations we have obtained the following main
results:
(1) Based on general renormalization group arguments
(Subse. I B) we have established a relevane-
irrelevane riterion (Subse. I C) for the impor-
tane of dispersion fores within the ritial region
of the system. It turns out that if the thikness
L of the liquid lm is muh larger that Lcrit (see
Eq. (1.7)), within the ritial region of the system
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FIG. 10: Same data as in Fig. 9 but normalized by the value of the ritial Casimir fore at the bulk ritial point. Whereas
in Fig. 8 as funtion of xt the deviations our for xt & 10, here the deviations are most signiant for xµ . −4, aeting in
partiular the minimum, but barely the saling regime xµ & 0. This is due to the fat that here the minimum of the fore is
rather deep (approximately 7 times deeper than the orresponding one in Fig. 8) so that the spread in the urves for xµ & 0
is diult to see, even for L = 50, on the sale used in the plot.
the dispersion fores provide only orretions to the
leading behavior of the fore. However, outside the
ritial region, i.e., for temperatures T 6= Tc or for
undersaturations ∆µ 6= 0, the inuene of the dis-
persion fores beomes important. This is of exper-
imental importane beause it is diult to thermo-
dynamially position the system right at the riti-
al point. In the opposite ase, i.e., for L . Lcrit
the ontribution of the van der Waals (dispersion)
fores is always important and annot be negleted
even within the ritial region of the system, in-
luding the bulk ritial point. Within a mean-
eld type model (Eqs. (2.1), (2.2), (2.6), (2.9), and
(2.10)) we have studied the behavior of the fore
as a funtion of the strength of the long-ranged
part of the uid-uid interation, reeted by the
parameter λ (Eq. (2.24)), on the strength of the
long-ranged part of the eetive substrate-uid in-
teration, reeted by the parameter s (Eq.(2.11)),
on the thikness L of the lm, and on the (relevant)
temperature and hemial potential saling elds.
The interations are taken to deay with the dis-
tane r between the uid partiles as r−(d+σ) and
as z−σs for the distane z of a uid partile from a
single substrate. (Dierent from other theoretial
model alulations we have taken the long-ranged
tail of the uid-uid interation fully into aount,
whih amounts to respeting the fat that the fun-
tion gd(a) (Eq. (3.5) and Fig. 14) is nonzero.) For a
d-dimensional system we onsider the ase σ > 2−η
and σs > (d+ 2− η)/2, whih guarantees that the
long-ranged tails of the interations hange neither
the bulk nor the surfae universality lasses [31, 32℄.
The modied nite-size saling, whih is needed if
one  as done here  ompares within mean-eld
theory systems with dierent λ, is presented in Eq.
(3.10). The results for the behavior of the fore
as a funtion of L/ξt and L/ξµ, where ξt and ξµ
are the seond-moment bulk orrelation lengths for
∆µ = 0 and at Tc, respetively, are summarized in
Figures 7, 8, 9, and 10. These expliit results on-
rm the relevane-irrelevane riterion mentioned
above. The numerial results presented are for lms
with thiknesses L = 1000, L = 500, L = 100, and
L = 50 layers in our simple ubi lattie model.
We have varied λ and s between 0 (short-ranged
model) and 1. Figures 7, 8, 9, and 10 show that






















L=50, K=0.2 λ = 0:  T/ Tc(λ) = 0.556








FIG. 11: Grand potential density in exess of the bulk on-
tribution as funtion of Lβ∆µ for the two ompeting prole
shapes (insets) in the apillary ondensation regime for (+,+)
boundary onditions; K = βJ lsr. For s = λ = 0 and s = λ = 1
the urves interset at Lβ∆µcap ≈ −0.42 and −0.95, respe-
tively. The thermodynamially stable states orrespond to
the minimum branhes of βω. They are presented by the
thik parts of the lines. The thin parts of the lines indiate
metastable states. The full lines orrespond to gas-like states,
the short-dashed lines to liquid-like states.
saling, i.e., independene on the values of s and λ,
whereas this is lost for L = 100 and L = 50, whih
is in line with L . Lcrit. The omparison between
Figs. 7 and 8 on one hand and Figs. 9 and 10 on
the other hand shows whih kind of analysis of the
eets enhanes or suppresses the visibility of the
long-ranged fores. It turns out that Lcrit is sur-
prisingly large (see Eq. (1.7)) whih enhanes the
importane of taking into aount the dispersion
fores for the interpretation of experimental data
of ritial Casimir fores in uid systems.
(2) If all long-ranged interations are taken into a-
ount - the uid-uid, the substrate-uid, and
the substrate-substrate one, for the ase of (+,+)
boundary onditions studied here we onrm ex-
pliitly within our model that the eetive intera-
tion between the substrates is attrative through-
out the whole temperature range (see Eq. (2.19)).
The latter is desribed by three dierent Hamaker
onstants whih aount for the aforementioned in-
terations. If the diret substrate-substrate inter-
ation is omitted (whih amount to subtrating the
fore from the orresponding null experiment) the
fore is repulsive (see Figs. 2 and 3) exept within
the ritial and the apillary ondensation regime.
(3) For short-ranged systems, within the ritial re-
gion our lattie model reassuringly reprodues the
universal saling funtion of the ritial Casimir
fore as obtained from ontinuum eld theory, pro-




















FIG. 12: Total fore (obtained from Eq. (2.12)) per unit
area and in units of β as funtion of the hemial potential
∆µ < 0 for β|∆µ|L = O(1) and T < Tc. The disontinuity of
the fore due to apillary ondensation ours at ∆µcap(T, L).
For ∆µ > ∆µcap(T,L), with ∆µcap ∼ 1/L, the leading be-
havior of the fore is basially independent of L and is given
by 2φb∆µ. Note that the van der Waals ontribution of the
interation strongly inreases the maximal absolute value of
the fore. This ours beause both the long-ranged tails of
the uid-uid (λ) as well as of the substrate-uid (s) inter-
ations promote the ordered state and inrease the absolute
value of ∆µcap beyond whih the oexistene of a reservoir
of gas with a liquid-like lm is no longer possible. In this
plot K = 0.2 orresponds to T/Tc(λ) = 0.556 and 0.453 for
λ = 0 and λ = 1, respetively. Both for ∆µ < ∆µcap(T,L)
and ∆µ > 0 the leading behavior of the fore is determined
by the Hamaker term β(σ − 1)(Al +Al,s) given by Eq. (3.1).
In these regions the magnitude of the fore is of the order of
L−σ (i.e., L−4 within our model), while in the apillary on-
densed regime the maximal magnitude of the fore is of the
order of L−1. For this reason on the present sales the urves
for ∆µ < ∆µcap(T,L) are not distinguishable.
Fig. 4). Surprisingly, even for short ranged fores
(λ = s = 0) L = 50 and L = 100 turn out to be too
small in order to reah the universal saling fun-
tion given by the ontinuum eld theory; L = 500
and L = 1000 are large enough in this respet (see
Figs. 5 and 6).
(4) At low temperatures, ∆µ < 0, and L∆µ = O(1)
the fore undergoes a jump as funtion of the exess
hemial potential ∆µ at a ertain value ∆µcap < 0
aused by apillary ondensation (see Figs. 1, 11,
and 12). The position of the jump (Fig. 12) and
its magnitude (Fig. 11) vary linearly as funtion of
1/T , 1/L, s, and λ (Fig. 13).
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L=50, s=0, λ=0 (b) K=0.2, s=0, λ=0
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FIG. 13: The urves illustrate the loi ∆µcap(T,L|λ, s) for
apillary ondensation leading to a jump of the Casimir fore
as a funtion of the oupling K = J lsr/(kBT ) (a), the inverse
linear size L (b), the relative strength of the surfae-uid po-
tential s (c), and the strength of the van der Waals tail of the
uid-uid interation λ (d). All these dependenes turn out
to be linearly dereasing within the studied parameter range.
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APPENDIX A: DERIVATION OF THE
EFFECTIVE HAMILTONIAN FOR A VAN DER
WAALS SYSTEM CONFINED BETWEEN TWO
PARALLEL PLATES
We onsider a uid omposed of partiles interating
via a pair potential wl(r−r′) = −4J l(r−r′) and bounded
by substrates whose partiles interat with the liquid par-
tiles with a pair potential wl,s(r− r′) = −4J l,s(r− r′).
Within the lattie gas model for any given onguration
C of partiles {psi , plj}, i ∈ S, j ∈ L, where L and S
denote the spatial region in a simple ubi lattie with
lattie onstant a oupied by the liquid and substrate

































plj ∈ {0, 1} and psi ∈ {0, 1} denote the oupation num-
bers for the liquid and substrate partiles, respetively.
Sine only the part {plj} orresponding to the uid de-
grees of freedom exhibit ritiality at Tc and the utua-
tions of the substrate degrees of freedom {psj} are unim-
portant in this respet, one an replae the latter ones by
their mean-eld values. If the uid is in ontat with a
partile reservoir at a given (exess) hemial potential µ
















































where ρsi ≡ 〈psi 〉. We assume that the solid substrate is
only weakly inuened by the presene of its surfae, so




























Modeling the pair potentials as
J li,j ≡ J lsr {δ(|ri − rj |) + δ(|ri − rj | − 1)}
+J l/(1 + |ri − rj |d+σ) θ(|ri − rj | − 1), (A4)
(note that θ(0) = 0 and δ(x) = 1 for x = 0 and zero
otherwise) and
J l,si,j ≡ J l,ssr δ(|ri − rj | − 1)
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where zj ≥ 1 haraterizes the distane of the partile
pj from the boundary. We onsider the uid partiles to
be in the region 0 ≤ z ≤ L, where L is the width of the

























i.e., the system is equivalent to one with a spatially vary-
ing hemial potential µj = µ−Vj ating on a partile pj
at a distane zj + 1, 0 ≤ zj ≤ L, from the left boundary
surfae and at a distane (L+ 1− zj) from the right one
where Vj ≡ V (zj) is the superposition
V (z) = −ρsJ l,ssr [δ(z) + δ(L− z)]
+vs
[













In the present study we hoose J l,ssr suh that ρ(0) =
ρ(L) = 1, where ρ(z) = 〈plj〉. This is implemented by
taking J l,ssr → ∞, whih is known as (+,+) boundary
onditions applied to the system under onsideration.
Note that in Eqs. (A6) and (A8) only the leading z-
dependene of the substrate potentials has been retained.
We remark that there is some arbitrariness in what one
alls the distane z. One might measure it from the last
substrate layer or, say, from the midplane between the
last substrate layer and the rst liquid layer. These dif-
ferent hoies as well as taking into aount the atual
disreteness of the substrate lattie in normal diretion
(see the seond line in Eq. (A6)) lead to additional terms
deaying as z−σs−1, z−σs−2, et. In the following we do
not onsider suh subdominant ontributions.
One an easily determine the (leading) L-dependent
ontribution ∆ω
(s,s)
ex in the exess grand anonial po-
tential ωex whih is generated by the diret interation
of the two substrate half-spaes a distane L apart. A-





















where As is given in Eq. (2.16). Also in this expression
we have retained only the leading L-dependent part.
APPENDIX B: FINITE-SIZE BEHAVIOR OFF
CRITICALITY
1. Finite-size ontribution due to the long-ranged
part of the uid-uid van der Waals interation
Away from Tc the replaement of the utuating par-
tile density by its mean value, whih is inherent to the
present mean-eld approah, is a reliable approximation.
This leads to the following nite-size ontribution ∆ω
(l)
ex
to the exess grand anonial potential per area A that is
due to the long-ranged tail of the uid-uid interation
22











































dz′ |z − z′|−(σ+1)
≃ Al(T, µ)L−σ+1,
where Al is dened in Eq. (2.15) and the above inte-
gration over z has been performed under the restrition
|z − z′| ≥ 1, whih mimis the regularization of wˆ at
r = r′. In all above steps in Eq. (B1) only the leading
L-dependent terms, whih are not part of the bulk or the
surfae ontributions to the grand anonial potential,
have been retained.
2. Finite-size ontributions of the long-ranged tails
of the substrate potentials for T ≪ Tc
Away from Tc the leading order nite-size ontribution
to the grand anonial lm potential due to the long-
ranged tail of the substrate potential V (z) ≡ κJ l,ssr δ(z −
1) + vsz
−σ











dz z−σs = − ρbvs
(σs − 1)L
−σs+1,
where we have again retained only the leading L-
dependent part.
Taking into aount the ontribution of the seond
surfae, whih renders a fator of 2 for the leading L-
dependent part, we onlude that away from Tc the on-
tribution of the tails of the substrate potentials to the
behavior of the Casimir fore is




= −2βρbvsL−σs = β(σs − 1)Al,s,
(B3)
whih is basially the result derived in Ref. [50℄ (see Eq.
(6.11) therein) and is in full aordane with the ndings
of Ref. [55℄. The onstant Al,s is dened in Eq. (2.17).
APPENDIX C: ORDER PARAMETER PROFILE
IN A FILM
Sine in the present study the external potential
V (r) ≡ V (r‖, z) = V (z) depends only on the oordinate
normal to the onning plates and there is no symme-
try breaking in the lateral diretions, the density prole
also depends only on z so that Eq. (2.6) turns into the























Measuring distanes in terms of the lattie spaing and
taking the interation of the form (see Eq. (2.9))
J(r) ≡ J lsr [δ(|r|) + δ(|r| − 1)] +
J l
1 + |r|d+σ θ(|r| − 1)
= (J lsr − J l) δ(|r|) + (J lsr −
1
2
J l) δ(|r| − 1)
+
J l
1 + |r|d+σ (C3)
one an further simplify the sum on the right-hand side













, α > 0, (C5)
are the Mittag-Leer funtions, the sum over r‖ in Eq.
(C2) an be rewritten as
Jl(z) = [(J
l
sr − J l) + 2(d− 1)(J lsr −
1
2




J l)[δ(z − 1) + δ(z + 1)] + J ld,σ(z)
with















 e−tz2 . (C7)
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The main advantage of the above form is that it fatorizes




























































reets the ontribution of the long-ranged van der Waals


























onerns mainly the oupling between neighboring sites
in adjaent layers (see below). Here n ∈ Zd−1 is a (d−1)-
dimensional vetor with integer omponents beause all
lengths are measured in units of the lattie spaing. It is
easy to show that maxt exp(−pi2n2/t+ t(z − z′)2) is at-
tained at t = pi|n|/|z−z′| and equals exp(−2pi|n||z − z′|).
Due to this exponential deay in the last term of Eq.
(C9) one is able to take into aount only the terms with
|n| = 1 and |z−z′| = 1, whih amounts to the approxima-
tion gn,nd,σ (a) ≃ gnnd,σ(±1) ≡ cˆnnd,σ. It is straightforward to
take into aount additional, smaller terms orresponding
to |n| = 2, 3, · · · and |z − z′| = 2, 3, · · · , but it turns out
that already the ontributions stemming from |n| = 1
and |z − z′| = 1 are numerially very small. Thus the
size dependent ontributions due to the last term on the
right-hand side of Eq. (C9) are exponentially small in L.

























For a > 1/ 4
√




































































where K = βJ lsr, and λ = J
l/J lsr. In Eq. (C15) one has









1 + |n|8 ≃ 4.900 (C17)
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and
cnn4 = g4(1) + cˆ
nn
4,4 ≃ 1.015 + 0.013 ≈ 1.028.(C18)
This shows that the ontribution of cˆnn4 to c
nn








































FIG. 14: The behavior of the funtion gd(a) and its asymptote
for d = σ = 3 and d = σ = 4.








By setting g4 ≡ 0, Eq. (C15) redues to the well-known
form of the mean-eld theory for systems with short-
ranged uid-uid fores. (Atually in our ase setting
g4 ≡ 0 orresponds to a system with short-ranged in-
terations in z-diretion and long-ranged ones within
the planes perpendiular to z; only setting λ = 0 or,
equivalently, J l = 0 redues the model to one with
stritly short-ranged uid-uid interations.) The stan-
dard Ginzburg-Landau equation follows from taking the
expansion arctanh(φ→ 0) = φ+φ3/3+O(φ5). A ontin-
uum version of the equation follows from the replaement
φ(z − 1) + φ(z + 1) → 2φ(z) + φ′′(z). Obviously suh a
ontinuum version an be onstruted also for a system
with long-ranged fores by taking into aount the fun-
tion g4(a) (whih then has to be onsidered as a funtion
of a ontinuous variable). This exploits the fat that the
funtion g4(a) is well dened for a ≥ 0 (provided that for
0 < a < 1/ 4
√
2 one takes the prinipal values of arccot
to be in the interval (0, pi)) and not only for a ≥ 1, as
atually needed for the lattie formulation of the theory.
Therefore in the ontinuum formulation of the theory the
integration an be extended to the full interval z ∈ [0, L].
This does not hange the algebrai asymptotes of the
density proles. Thus in the ontinuum ase the equa-
tion for the density prole in the presene of long-ranged























The behavior of the funtion g4(a) as well as its asymp-
tote (Eq. (C19)) are shown in Fig. 14. Equation (C20)
has to be augmented by the boundary onditions φ∗(z →
0) = φ∗(z → L) =∞.
Note that, aording to Eqs. (C15) (or (C20) in the
ontinuum ase) and (A8), the only expliit L dependene
in the behavior of the order parameter prole enters via
the asymptotes of the funtions V (z) and g4(|z|) for |z| ≫
1. They will then lead to ontributions of the order of
L−σ in the behavior of ρ away from Tc, i.e., there ρ ≃ ρb+
O(L−σ). The last result implies that the entropy term
in Eq. (2.2) in this regime will produe ontributions to
ωex of the order of L
−σ
. Suh ontributions an then be
negleted in omparison with the ones desribed by Al
(see Eq. (B1)), As (see Eq. (A10)), and Al,s (see Eq.
(B3)). Obviously this argument is not spei for d = 4
but is generally valid. Finally, we repeat that in the ase



























The behavior of this funtion as well as its asymptote are
also shown in Fig. 14.
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